Elasticity problems involving solid-state diffusion and chemo-mechanical coupling have wide applications in energy conversion and storage devices such as fuel cells and batteries. Such problems are usually difficult to solve because of their strongly nonlinear characteristics. This study first derives the governing equations for three-dimensional chemo-elasticity problems accounting for surface stresses in terms of the Helmholtz potentials of the displacement field. Then, by assuming weak coupling between the chemical and mechanical fields, a perturbation method is used and the nonlinear governing equations are reduced to a system of linear differential equations. It is observed from these equations that the mechanical equilibrium equations of the first two orders are not dependent on the chemical fields. Finally, the above chemo-mechanics framework is applied to study the stress concentration problem of a circular nano-hole in an infinitely large thick plate with prescribed mechanical and chemical loads at infinity. Explicit expressions up to the third order are obtained for the stress and solute concentration fields. It is seen from these solutions that, different from the classical elasticity result, the stress concentration factor near the nano-hole depends on the surface stress, applied tensile load and prescribed solute concentration at infinity.
Introduction
Materials used in energy conversion and storage devices are often subjected to multi-field driving forces (electrical, chemical, radiological, thermal, mechanical, etc.). In predicting the deformation and failure of these materials, conventional mechanics of material theories are no longer adequate, because these multi-field driving forces are typically coupled and produce synergetic effects that are not predicted by the classical theories. To fully understand how the different driving forces interact, we need theories and models that are capable of accounting for the coupling of multi-field interaction processes.
For example, in lithium-ion batteries (LIBs), the electrodes are subjected to intercalation and deintercalation of lithium ions during each charging and discharging cycle. Lithium intercalation tends to cause volumetric expansion of the electrodes. Such volumetric expansion, if not accommodated appropriately, will generate stresses in the electrodes. Such stresses may in turn affect the process of lithium intercalation. Such two-way interactions between the chemical driving force for intercalation and the mechanical stresses may affect the electrochemical performance of the LIBs and cause fracture of the electrodes. This is particularly the case for silicon-based anodes. Although silicon has the highest lithium storage capacity among all known materials, it also has extremely high volumetric expansion. When fully charged, silicon may expand more than 300% in volume, which generates significant stress in the anode.
During the last decade, many chemo-mechanical models have been developed to deal with the stress-diffusion coupling behaviours in solids. Christensen & Newman [1, 2] provided an early model for calculating the volume change, solute concentration and stress profiles during the lithium insertion into and extraction from a spherical particle. Swaminathan et al. [3, 4] developed an electro-chemo-elasticity theory of point defects in ionic solids, which accounts for the two-way interactions between mechanical stresses and electrochemical forces. Haftbaradaran et al. [5] established a nonlinear continuum model describing the strongly nonlinear behaviours associated with lithium-ion diffusion in electrodes under high stresses and high solute concentrations. Bower et al. [6] formulated the continuum field equations and constitutive relations that govern the deformation, stress and electric current flow in a lithiumion half cell. This model takes into account the mass transportation, finite deformation and plastic flow of electrodes and electrochemical reactions at the electrode/electrolyte interfaces. Generalizing the previous work of Larché & Cahn [7] and Wu [8] , Cui et al. [9] proposed a new finite deformation stress-dependent chemical potential and used it to study the evolution and distribution of stresses in a silicon particle electrode under different charging and discharging rates. Anand [10] developed a Cahn-Hillard-type theory for species diffusion coupled with large elastic-plastic deformations, which can account for the phase segregation and swelling induced by diffusion. Recently, Haftbaradaran & Qu [11] formulated a theoretical model for twodimensional chemo-elasticity problems under chemical equilibrium and applied it to study the stress concentration problems and dislocation problems in electrode materials. Surface stresses were not considered in the above-mentioned works.
As shown by Bhandakkar & Gao [12] , electrodes whose sizes are smaller than a critical length scale could inhibit crack nucleation. Liu et al.'s experimental result [13] also demonstrated that there is no crack generation or fracture during initial lithiation when the silicon particle radius is less than a critical value D c ≈ 150 nm. These studies suggest that nano-structured materials are promising candidates for building reliable high-capacity LIBs.
One unique aspect of nano-structured materials is their high surface-to-volume ratio, which makes surface stress more pronounced. DeLuca et al. [14] analysed the diffusion-induced stresses in different electrode configurations and concluded that the surface stress would have a significant effect on the stress state inside the electrode when its size reduces to the nanoscale.
As early as the 1980s, Cahn [15] had studied the chemical equilibrium of small crystals with surface/interface stress, as well as the chemical equilibrium of nanoparticles embedded in a solid matrix with incoherent interfaces [16] . In the stress analysis of electrodes in LIBs, Cheng's group first studied the surface effect on the diffusion-induced stresses in spherical particle electrodes [17] and nanowire electrodes [18] . Zang & Zhao [19] introduced the effects of diffusion together with the Tolman length into the conventional theory of surface elasticity and applied it to study the diffusion-stress coupling problems in nano-structured silicon electrodes. Hao et al. [20] studied the effect of surface stress on the diffusion-induced stresses of electrode nanomaterials in LIBs with different boundary conditions. Recently, Liu et al. [21] studied the stress field in a hollow core-shell spherical electrode in LIBs, considering the coupling effects of phase transformation, hydrostatic stress and surface/interface stress. All these studies have concluded that surface stresses play important roles in nano-structured materials under combined mechanical and chemical driving forces. Thus, a systematic framework is needed to model the coupled mechanical and chemical fields.
To meet the above need, we propose in this work a displacement potential-based asymptotic solution approach to solve the three-dimensional chemo-elasticity problems accounting for surface stresses. This solution framework builds upon the perturbation approach developed in Haftbaradaran & Qu [11] for two-dimensional chemo-elasticity.
This article is organized as follows. We first provide the governing equations of solidstate diffusion and surface stresses in elastic solids. Next, the fundamental equations for three-dimensional chemo-elasticity problems under chemical equilibrium are derived based on the Helmholtz decomposition of the displacement field. Then, these nonlinear equations are reduced to a series of linear differential equations by expanding the pertinent field quantities into power series of the coupling parameter. Solutions to these linear differential equations yield asymptotic solutions to the three-dimensional chemo-elasticity problems with surface stresses. Such solutions are valid for weak coupling between the mechanical and chemical fields. Finally, the proposed solution approach is applied to investigate the stress concentration near a nano-hole in an elastic plate under external, mechanical and chemical loading and surface stresses.
Fundamental equations of elastic solids with species diffusion and surface effect
Without loss of generality, let us consider a binary solid solution A x B consisting of species A and species B, where x represents the molar fraction of species A (solute) in species B (solvent). In general, the molar fraction x takes a specific value between 0 and the solid solubility x max . We assume that this binary solid solution obeys the 'network model' introduced by Larché & Cahn [7] : species B constitutes an elastic network of the solid solution and acts as the solvent, while species A is the solute that can move freely (diffusion) within the network formed by species B, the solvent. In LIBs, for example, the lithium can be taken as species A and the silicon can be taken as species B.
For an infinite elastic medium composed of A x 0 B, the stress field is zero throughout the whole solid if there is no external constraint applied, where x 0 represents the initial molar fraction in the stress-free state. It is usually best to choose this stress-free state as the reference state. When external loads, including tractions and body force, are applied, a stress field will be induced and the concentration of solute A may also change throughout the whole solid due to the interaction between the mechanical stresses and chemical forces. Consequently, an inelastic deformation occurs due to such compositional change, and therewith also an elastic deformation. The total deformation in the bulk solid, which must be compatible, is thus the superposition of these two kinds of deformation.
The inelastic strain ε c caused by compositional change is usually called an eigenstrain or compositional strain, which is described by Larché & Cahn [7] and Wu [8] as
where I is the identity tensor in the three-dimensional Euclidean space, V m represents the partial molar volume of the solvent in its stress state, C is the volumetric molar concentration of solute A in the current state and C eq is the initial equilibrium molar concentration at the stress-free state. It should be noted here that the molar fraction x and volumetric molar concentration C satisfy the following relation: C = x/V m . In equation (2.1), η is the coefficient of compositional expansion, which can be determined experimentally or by computational materials methods [22] . For small-strain deformation considered here, the total strain ε caused by the compositional change and external loads can be expressed as follows:
where u is the total displacement from the stress-free state to the current state and ε e denotes the elastic part of total strain. For an elastic solid with species insertion and diffusion, its elastic stress is given by
where L is the elastic stiffness tensor. For isotropic elasticity, equation (2.3) reduces to
where λ, μ are Lamé constants and k 0 = λ + 2μ/3 is the bulk modulus. In the absence of the body force, the stress tensor must satisfy equilibrium equation
Under the condition of infinitesimal deformation and concentration-independent isotropic elasticity, the stress-dependent chemical potential of solute A can be written as [11, 23] 
where M 0 is the potential in a given standard state, C m is the maximum solute concentration, R is the universal gas constant and T is the absolute temperature. It is worth noting that this Larché-Cahn-type chemical potential coupled with stress is only valid for solid solutions where the solute concentration is low and the deformation under stress is small. In the chemical equilibrium state, the chemical potential is uniform across the entire solid and remains a constant M eq , i.e.
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As pointed out in Haftbaradaran & Qu [11] , the condition of chemical equilibrium (2.7) implies that the system under consideration is in contact with a chemical reservoir of infinite extent, which keeps a constant chemical potential M eq at all times. Mass transfer is permitted between the system and its surrounding reservoir so that the system can maintain its chemical equilibrium. In the initial stress-free state, M eq is expressed as
where C eq is the solute concentration in the initial stress-free state. Then, the chemical equilibrium condition can be further written as M(C, σ ) = M eq , i.e.
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For nano-structured electrodes in LIBs, the surface stress has an obvious influence on the stress state within the electrodes [14, 20] . It is conceivable that the solute on the surface may differ from that in the bulk, thus the surface compositional (eigen-) strain can be written as [24] 
where C eq s is a stoichiometric surface concentration and η s is the compositional strain coefficient of the surface. The corresponding surface stress can be obtained from the Shuttleworth equation where σ s and ε s denote, respectively, the surface stress and surface strain, C s is the surface elastic tensor and τ 0 is the residual surface tension. This gives the constitutive equation of the surface. The equilibrium equations on the surface are
where n is the outward unit normal vector of the surface, ∇ s is the surface gradient operator and M s is the surface chemical potential under stress-free conditions. The first of equations (2.12) is also known as the generalized Young-Laplace equation, and the second of equations (2.12) is the chemical equilibrium equation of the surface. When the chemical field on the surface is neglected, the above equations reduce to the classical surface stress theory [25, 26] , in which the constitutive and equilibrium equations are given by
In this case, the surface strain ε s can be calculated based on the continuity of displacement: ε s = P · ε · P, where P = I − n ⊗ n is the projection operator of the curved surface. In particular, for isotropic surfaces, τ 0 = τ 0 i and C s : ε s = λ s (tr ε s )i + 2μ s ε s , where i is the unit tensor on the surface; the constants τ 0 and λ s , μ s are the isotropic residual surface tension and the surface Lamé modulus, respectively.
Three-dimensional chemo-elasticity problems under chemical equilibrium
From (2.4) and (2.9), it is easy to find that only the hydrostatic part of the stress is involved in the coupling between the mechanical and chemical fields. Motivated by this observation, we introduce the following Helmholtz decomposition of the total displacement field:
in which two displacement potentials are introduced. The scalar function φ characterizes the volumetric deformation, while the vector function ϕ is closely related to the shear deformation. Expressing the stresses in terms of the above two displacement potentials and substituting them into the equilibrium equations, (2.5) and (2.9), we finally arrive at
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which is a system of nonlinear partial differential equations for the three unknown functions, φ, ϕ and C. Equations (3.2) and (3.3) consist of the fundamental equations for analysing the threedimensional chemo-mechanical coupling problems.
To facilitate the analysis, we rewrite equations (3.2) and (3.3) into their dimensionless forms: 5) where∇ is the dimensionless gradient parameter and in which L is the characteristic length pertinent to the problem and v is the Poisson ratio. It is worth noting that the most important dimensionless parameter iŝ
which reflects the chemo-mechanical coupling. Ifη vanishes, the chemo-mechanical interaction will disappear.
Asymptotic analysis for nonlinear chemo-mechanical coupling problems
Because of their nonlinearity, chemo-elasticity problems may not have readily available exact analytical solutions. In this section, we use the perturbation method to seek approximate analytical solutions for equations (3.4) and (3.5) . If the coupling between mechanical and chemical fields is weak, implying thatη is very small, we can chooseη as the small parameter used in our asymptotic analysis. Assume that the three unknown functions, φ, ϕ and C, can be expressed in the power series of small parameterη:φ
Substituting equation (4.1) into equations (3.4) and (3.5), we obtain the governing equations for each order: (iv) the (q + 1)th-order concentration field is impacted by the qth-order stress field, and q ≥ 0; moreover, the concentration field is not only dependent on the stress field but also relevant to the concentration field of lower orders;
where p, q are integral numbers. The above observations indicate that the mechanical equilibrium equations of the first two orders do not depend on the solute concentration. But this does not mean that chemo-mechanical (stress-solute concentration) coupling is strongly coupled in one direction more strongly than the other in general. If the problems are for prescribed traction boundary conditions, the two leading terms in the stress field are decoupled from the solute concentration field since the mechanical equilibrium equation can be solved without invoking the constitutive relation. However, for problems under prescribed displacement-boundary conditions, the constitutive relation should be used, which results in the coupling between stress and solute concentration [11] .
It follows from (4.1) that the concentration-dependent Hooke law can also be written as a power series ofη in the following dimensionless form:
Similarly, the constitutive law of isotropic surfaces in the absence of the chemical field can also be expanded asσ Finally, the generalized Young-Laplace equation for each order can be obtained:
where∇ s is the dimensionless surface gradient operator.
Stress concentration near a nano-hole under chemo-mechanical equilibrium
Previous studies have shown that nano-structured materials not only inhibit crack nucleation in the electrodes [12, 13] but also improve their electrochemical performance in LIBs. For example, Kim et al. [27] and Wang et al. [28] reported their work on synthesizing new nano-porous electrode materials and showed that such electrodes could greatly improve the charging and discharging rates of LIBs. However, film negative electrodes (anodes) made of such nano-porous materials are often subjected to tensile stress during the delithiation process. that stress concentration may occur near the nano-pores in such nano-porous materials, which may eventually cause the fracture of the electrodes. It is therefore worth studying the stress concentration problems in the electrode films of LIBs and developing ways to mitigate such stresses near the nano-pores.
To this end, we study the model problem shown in figure 1 , where a large thick elastic plate with a circular nano-size through-the-thickness hole of radius a is subjected to a remote tensile load p applied in the x-direction. For convenience but without loss of generality, we consider the case of plane strain deformation and choose the hole radius a as the characteristic length of this problem. Then, the dimensionless polar coordinates (ρ, θ) can be introduced such that x = ρa cos θ and y = ρa sin θ. The boundary conditions at infinity of this problem are
where p r = p/μ is the dimensionless external load. At the hole surface ρ = 1, the stresses should satisfy the Young-Laplace equation (4.11):
where k r = λ s r + 2μ s r and ε sθ represents the surface strain along the hoop direction. According to the characteristics of the plane strain problem, we know that the out-of-plane displacement u z ≡ 0 and the only non-zero component of vector displacement potential ϕ is ϕ z . With these preliminaries, we solve the asymptotic equations up to the third order ofη in the next section.
(a) Solutions of asymptotic equations (i) Zeroth-order solution
As stated before, the zeroth-order solution of (4.2) is the non-classical solution of elasticity with the surface effect. The two displacement potentials can be assumed to have the following forms:φ with the constraint ζ 1 C 0 − D 0 = 0. The corresponding zeroth-order stress components can be expressed asσ
where the constants M 0 , N 0 , A 0 , B 0 , C 0 , D 0 can be determined by the boundary conditions:
,
and
.
In the limit of vanishing surface stress, equations (5.4) reduce to the classical elasticity solution.
(
ii) First-order solution
Since the first-order mechanical equilibrium equation (4.3a) is a homogeneous equation, and, meanwhile, the displacement potentials of the first order,φ 1 andφ 1z , must vanish at ρ → ∞ and the Young-Laplace equation at ρ → 1 only involves surface elasticity, we can conclude that
But based onφ 0 , we can obtain the first-order concentration c 1 as follows:
First, followingφ 1 = 0, we can determine the second-order concentration c 2 as follows from (4.4b): where L 2 = ζ 2 x mĈ eq (1 −Ĉ eq ) and e ρ , e θ are base vectors of the cylindrical coordinate system.
The general solution of equation (5.10) pertinent to this problem has the following form: 
, and the corresponding second-order stress components arê
where M 2 , N 2 , A 2 , B 2 , C 2 are constants to be determined. By using the boundary condition at infinity ρ → ∞ and the Young-Laplace equation at the hole surface ρ = 1, we obtain
It follows from equation (4.5b) that the third-order solute concentration c 3 is given by 14) and the third-order mechanical equilibrium equation (4.5a) becomeŝ
in which L 3 = ζ 2 x mĈ eq (1 −Ĉ eq )(1 − 2Ĉ eq ). The general solutions of equation (5.15) can be assumed to beφ Finally, the third-order stress components can be deduced directly from equation (5.16):
Similarly, the constant coefficients in equation (5.16) can be determined by the Young-Laplace equation at ρ = 1 and the homogeneous boundary condition at ρ → ∞. They are 4ζ 1 − 1) ,
So far, we have obtained approximate solutions of the stress field and the solute concentration field up to the third order ofη. We note that the solution obtained here cannot be reduced to that obtained in Haftbaradaran & Qu [11] , even in the absence of the surface stress. This is because Haftbaradaran & Qu [11] have used a different set of dimensionless parameters in their perturbation solution.
(b) Effects of surface stress and solute concentration on stress concentration Now let us consider the stress concentration near the circular hole. It is easy to calculate the stress concentration factor at the hole surface (ρ = 1, θ = π/2) as 20) where
is a nonlinear function of the initial equilibrium concentrationĈ eq . Clearly, unlike the classical elasticity result, the stress concentration factor is not a constant in chemo-elasticity. It depends on the external load p and the initial equilibrium concentration C eq as has been shown in [11] . Further, it also depends on the hole size a, a characteristic feature for problems involving surface stress. The relationship between the stress concentration factor and the external load is illustrated in figure 2 . When the equilibrium concentrationĈ eq takes any value between 0 and 0.5, so that g(Ĉ eq ) > 0, we can show that
In other words, the stress concentration factor K reaches its maximum value when the external load is at a critical value p cr = μτ 0 /a|g|, suggesting that, if the external load and equilibrium concentration are given, we can control the stress concentration near the nano-hole by changing its radius. On the other hand, when the initial equilibrium concentrationĈ eq is between 0.5 and 1, we have g(Ĉ eq ) < 0. Thus, the stress concentration factor K increases monotonically with the external load p. For vanishing surface stress τ 0 = 0, the stress concentration factor given in equation (5.20 ) is plotted in figure 2 . When the surface stress is neglected, the stress concentration factor becomes a linear function of the applied load p (see the dashed lines in figure 2 ). It is shown that the impact of surface stress decreases when the external load becomes larger. The surface effect plays a relatively important role when the external load approaches its critical value p cr . Moreover, one can find that, when the equilibrium concentrationĈ eq is below 0.5, K is smaller than 3, implying that the chemical field reduces the stress concentration.
As shown in equation (5.21), g(Ĉ eq ) is a cubic function ofĈ eq . From the following algebraic equation: 23) it is easy for us to conclude that the stress concentration factor K reaches its maximum value at C eq = 3 − √ 3 /6 and its minimum value atĈ eq = 3 + √ 3 /6 when the external load and void radius are kept fixed. The variation in the stress concentration factor K versus the equilibrium concentrationĈ eq is plotted in figure 3 .
Next, let us investigate the distribution of solute concentration near the nano-hole. The calculation result is shown in figure 4 . In the numerical calculation, the relevant dimensionless It is seen that the solute is highly concentrated near the hole surface at θ = ±π/2 but becomes relatively dilute near the hole surface at θ = 0, π . As expected, the distribution of solute concentration is consistent with that of hydrostatic stress. Since the chemical potential is uniform throughout the entire solid, equation (2.9) suggests that higher hydrostatic stress corresponds to higher solute concentration, and vice versa. In the region far from the nano-hole, the solute concentration decreases very fast and tends to a constant valueĈ ∞ .
According to the condition of chemical equilibrium, we have the following relation in the far field: 24) where ζ 3 = (1 − 2v)/2. From equation (5.24) , the solute concentration at infinity can be obtained
Notably, this result can also be obtained by setting ρ → ∞ in equations (5.8), (5.9) and (5.14). Finally, let us investigate the effect of surface stress on the solute concentration. First, we can conclude that the residual surface tension τ 0 does not affect the solute concentration. This is because, for a circular nano-hole in a thick plate, the zeroth-order hydrostatic stress caused by the residual surface tension is zero, and, consequently, the residual surface tension is not coupled to the chemical fields of higher orders either. The influence of surface elasticity on the solute distribution near the nano-hole is illustrated in figure 5 . It can be seen that the surface elasticity reduces the variation of solute concentrations along the hole circumference, and this difference decreases while the surface elasticity constant k r increases. In other words, the surface stress tends to smooth out the solute distribution along the hole surface.
In the past several years, many previous works [14, [17] [18] [19] [20] [21] studied the influence of surface stresses in modelling the stress distribution in LIBs when the size of the electrodes is in the nanometre range and found that nano-electrodes with suitable structure and size could be strengthened by surface stresses which can effectively inhibit crack formation. This conclusion is also valid for our study. However, one of the distinct contributions in this paper is that we investigated the combined effects of surface stresses, applied tensile load and chemical concentration on the stress concentration factor near a nano-hole, which is fundamental to the crack analysis of electrode materials.
Conclusion
In this paper, we formulated a general framework for solving three-dimensional chemo-elasticity problems with surface stresses. By assuming weak coupling between the mechanical and chemical fields, we expanded all pertinent field quantities into a power series of the coupling parameter. We showed that coefficients of the power series are governed by a system of linear differential equations. Solving these linear equations yields the asymptotic solutions to the chemo-elasticity problems that are valid for systems with weak coupling. This general solution approach was used to solve the stress concentration problem near a through-the-thickness hole in a large plate subjected to the prescribed mechanical tension and solute concentration at infinity.
The major findings of this study are as follows.
(1) The asymptotic equations of the first two orders for mechanical equilibrium do not depend on the chemical fields. Particularly, the first two leading terms in the stress field are not coupled to the solute concentration under the prescribed traction boundary condition. (2) When surface stresses are considered, the residual surface tension is only involved in the zeroth-order Young-Laplace equation, while the surface elasticity has a direct effect on the Young-Laplace equations of each order. Furthermore, the residual surface tension does not affect the first-order stresses but may potentially have an indirect effect on the higher order stress field via its coupling with the chemical field. (3) The stress concentration factor near a nano-hole in a large plate subjected to external mechanical and chemical loads depends on the initial equilibrium concentration, external loads, hole size and surface stress. One of the impacts of the surface stress is to smooth out the solute distribution around the hole surface.
Finally, it should be mentioned that our work only studies the small deformation chemoelasticity problems under chemical equilibrium by using the perturbation method. But plastic deformation usually occurs during the lithiation process in LIBs and it plays an important role in the failure of electrodes. This is the limitation of this paper and the effect of plasticity would be considered in our future work.
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